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ABSTRACT

A theoretical model is developed for the interaction of intense femtosecond laser pulses with solid targets on
the basis of the two-temperature equation of state for an irradiated substance. It allows the description of the
dynamics of the plasma formation and expansion. Comparison of available experimental data on the amplitude
and phase of the complex reflection coefficient of aluminum with the simulation results provides new information
on the transport coefficients and absorption capacity of the strongly coupled Al plasma over a wide range of
temperatures and pressures.
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1. INTRODUCTION

The optical properties of a plasma formed on the surface of an aluminum target subjected to ultrashort laser
pulses are investigated in interferometric experiments1–4 at irradiation intensities up to I ∼ 1016 W/cm2. In
the present work, we analyzed data4 recently obtained with femtosecond pulses of I . 1014 W/cm2. Such laser
pulses produce a thin layer of the strongly coupled plasma with an electron temperature up to T ∼ 10 eV on
the initially cold metal target. We developed semiempirical models of optical, transport, and thermodynamic
properties of Al over the whole range of temperatures realized in a numerical simulation of the laser–metal
interaction processes. In contrast to previous simulations,1–3, 5 particular attention is focused on the initial stage
(t 6 1 ps) of the heating and expansion of the plasma under the conditions of the undeveloped hydrodynamic
motion of ions.

Comparison of the numerical simulation results with experimental data on the complex reflection coefficient4

makes it possible to determine the free parameters in the formulated expressions for the effective electron collision
frequency, in contrast to the models discussed elsewhere.5–7 In contrast to the approach proposed in Ref. 8, this
study is free of the assumptions that the metal is not melted and the electron temperature is much lower than
the Fermi energy. This allows us to use the developed models in a broad region of states of the strongly coupled
plasma formed on the target surface.

The detailed description of the experimental technique for simultaneous measurements of both the amplitude
and phase of the complex reflection coefficient can be found in Ref. 4. The source of radiation in the experiments
of interest4 was a Cr:forsterite laser system generating femtosecond pulses at a wavelength of λ1 = 1240 nm.9

The full width at half maximum (FWHM) of the pulses that was measured using an autocorrelator of the
non-collinear second harmonic was equal to τL ≃ 110 fs in the experiments for the sech2 envelope shape. The
time profile of the pulse was measured in a wide range of power using the third-harmonic correlator. The ratio
(contrast) of the intensity at the pulse maximum to the intensity 1 and 2 ps before the maximum was no less
than 104 and 106 respectively.10
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For the discussed below experimental data,4 the target was heated by a p-polarized laser pulse at the main
laser wavelength λ1 for the angle of incidence 45◦. The spatial distribution of the pumping radiation intensity
on the target corresponded to the Gaussian with a focus beam diameter of about 70 µm at a level of exp(−2).
A weak s-polarized probe pulse with varying time delay (the second harmonic λ2 = 620 nm) was incident
perpendicularly to the sample surface.

2. THEORETICAL MODEL

The self-consistent theoretical model includes the system of electrodynamic equations for describing the ab-
sorption and reflection of laser radiation, ionization kinetic equations, and one-fluid hydrodynamic equations
including electron-ion relaxation and electron heat conduction,11, 12 as well as a new wide-range two-temperature
equation of state of the irradiated substance.

For the characteristic time intervals of processes under consideration (t 6 1 ps), all the typical sizes of
inhomogeneity in the z direction perpendicular to the target surface do not exceed 1 µm. These are much
smaller than the inhomogeneity sizes along the target surface, which are determined by the size of the focusing
spot and are equal to tens of microns. Therefore, to analyze the experimental data,4 we use the one-dimensional
version of the model developed that takes into account variations of all the quantities only in the z direction and
the single velocity component V of the quasi-neutral motion of a plasma directed perpendicular to the target
surface.

The hydrodynamics equations of continuity for the volume concentration of heavy particles (atoms and ions)
na and changes in the substance momentum for the velocity V as well as in the energies of electrons ee and
heavy particles ei are written in the standard form including thermal ionization in the model of the average ion
charge Z,11

∂tna + ∂z(naV ) = 0, (1)

[∂t + V ∂z ]V = −ρ−1∂z(Pe + Pi) + Fp, (2)

na[∂t + V ∂z]e
i = −Pi∂zV + Qei, (3)

Zna[∂t + V ∂z ]e
e = −∂zqT − QZ + QIB − eeΘ − Pe∂zV − Qei, (4)

[∂t + V ∂z ]Z = Θ. (5)

Here, Pe and Pi are the pressures of electrons and heavy particles respectively, determined by the equation
of state of the substance; Θ and QZ are the total rate of the thermal ionization and power density spent on
ionization respectively, which are calculated using the model11, 12 of the average ion charge, the Lotz formula for
impact ionization, and the detailed balance principle; ρ = mina is the substance density, mi is the heavy particle
mass, Z = ne/na, ne is the concentration of electrons (quasi-neutrality is assumed), Fp is the ponderomotive
force,

Fp = −K1(ξ
ω)

Zme

4mi
∂z|V E |2, (6)

V E ≡ e|E|(meω1)
−1 is the quiver velocity of electrons under the laser irradiation with the slowly varying

in time amplitude of an electric field E and the frequency ω1, e and me are the electron charge and mass,
ξω = 3

√
πνeff(4ω)−1, νeff is the effective collision frequency of electrons, function

K1(x) =
8

3
√

π

∞
∫

0

t10 exp(−t2)

t6 + x2
dt (7)

arises due to integration of the velocity-dependent cross-section of electron-ion collisions over the Maxwell dis-
tribution function;11 Qei = γeiZna(Te − Ti) is the electron-ion relaxation energy density, where Te and Ti are
the temperatures of electrons and heavy particles respectively, and the coefficient γei for lattice temperatures
Ti . Tmelt (Tmelt is the melting temperature) is a constant (γei = 4.93 · 1010 s−1 for aluminum) and, for higher
temperatures, is determined by the plasma formula γei = 3(me/mi)νeff, where me is the electron mass and νeff



is the effective electron collision frequency; qT = K ′Te∂zTe is the electron thermal flux, where the coefficient
K ′ for lattice temperatures Ti . Tmelt is a constant (K ′ = 4.35 · 1036 [erg cm s]−1 for aluminum) and, for
higher temperatures, is determined by the plasma formula,13 K ′ = −128κZZna/(3πmeνeff), the factor kZ ≃ 0.7
represents the effect of electron-electron collisions on heat conduction; QIB is the power density of the inverse
bremsstrahlung absorption of the energy of the pump laser pulse,

QIB = (8π)−1ω1Im {ε(ω1)}|E|2, (8)

where E is the electric-field amplitude of the laser pulse, ε is the permittivity of matter, and ω1 is the heating
(pump) radiation frequency.

The slowly varying in time amplitude of the electric field strength E = Exex + Ezez (ex and ez are the
unit vectors, the plane x0z is determined by the wave vector of incident radiation and the normal to the target
surface, i.e. direction 0z) for p-polarized pump laser pulse was expressed through the amplitude of the magnetic
field B = Bey as Ex = −i/(ε(ω1)k1)∂zB, Ez = −B sin(θ)/ε(ω1), k1 = ω1/c, c is the velocity of light. The wave
equation (with proper boundary conditions) for the laser magnetic field envelope B,14

∂2
zB + k2

1 [ε(ω1) − sin2(θ)]B − ∂z[ln ε(ω1)]∂zB = 0,
∂zB|z=z0

= iε(ω1)k1 cos(θ)[2EL − B]|z=z0
, B|z→∞ = 0,

(9)

was solved numerically. Here EL =
√

8πIL/c, IL = IL(t) is the intensity of incident laser pulse, θ is the angle of
incidence (the angle between the direction 0z and the wave vector of incident radiation, θ = 45◦ for the discussed
experiments), the point z = z0 6 0 is at the plasma–vacuum boundary position, and the laser pulse propagates
from the left (before the laser heats up the target z0 = 0, the target is at z > 0, i.e. at the right half-space).

Note that Eq. (9) describes also a collisionless resonance absorption, but in the discussed range of the pump
laser intensities, I 6 2 · 1014 W/cm2, for a high contrast laser pulse of 100 fs duration the characteristic scale
length of the plasma density does not exceed a few nanometers and the electron plasma temperature is about
10 eV, and so the laser absorption takes place at over-critical densities in the normal skin heating regime.15

The complex reflection coefficient of a weak s-polarized probe laser pulse with frequency ω2 at normal inci-
dence was determined in the linear approximation. For this goal the wave equation14 with boundary conditions
for single component of electric field of the probe laser pulse E = E(z)ey,

∂2
zE + k2

2 [ε(ω2) − sin2(θ)]E = 0, k2 = ω2/c,
∂zE|z=z0

= ik2 cos(θ)[2EL − E]|z=z0
, Ez→∞ = 0,

(10)

was solved numerically with θ = 0◦ on the spatially non-uniform profiles of permittivity ε(ω2) for different time
delays. For each time delay the permittivity is determined as described below with the help of numerical solution
of Eqs. (1)–(5) that describe the hydrodynamics of a target irradiated by the pump laser pulse determined self-
consistently by Eq. (9).

It should be noted, that in Eqs. (9) and (10) for subpicosecond laser pulses the transverse (to the normal of
the target, 0z) gradients of fields and plasma permittivity, which are determined by characteristic scale lengths
of the order of ten micrometers, can always be omitted in comparison with longitudinal gradients, which are
determined by the skin-layer depth of a typical size of order of ten nanometers.

The effective collision frequency νeff over the entire temperature range is determined as the minimum of the
three values,

νeff = min{νmet, νpl, νmax}, (11)

where νmet is the effective collision frequency in the metal plasma for Te . TF = (3π2Zna)2/3
~

2/(2me), νpl is
the collision frequency for the weakly coupled plasma,16

νpl = (4/3)
√

2πZ2nae4Λ/
√

meTe
3, (12)

Λ is the Coulomb logarithm, and νmax is the maximum collision frequency determined by the condition17 that
the collision mean free path of electrons λpe ∼ ve/νeff (ve is the mean electron velocity) is no less than the mean
distance between ions r0 ∼ na

−1/3,
νmax = k1ωpe, (13)



where ωpe =
√

4πZnae2/me is the electron plasma frequency and the numerical coefficient k1 . 1 is chosen by
fitting the calculations to the experimental data.4 Despite the simplicity of such an approach to the determination
of νeff, it ensures satisfactory accuracy as compared to much more complicated methods.18

The effective collision frequency in the metal plasma νmet is determined as

νmet = Ce·phTi/~ + k2Te
2/~TF, (14)

Ce·ph = C00 + C0[1 − min{Ti/Tmelt, 1}1/2]. (15)

The first and second terms in Eq. (14) represent the contributions from the electron-phonon19 and electron-
electron20 collisions respectively. The constant k2 is chosen by comparing with the experimental data (also see
Ref. 8). The first and second terms in Eq. (15) represent the contributions from the intraband and interband
transitions19, 21 respectively. The constant C00 is determined from the data on the static conductivity of the
metals21 (for aluminum, C00 ≃ 3.28). The constant C0 is chosen so as to ensure the tabulated reflection coefficient
|r|2 of the metal under consideration at room temperature. For aluminum, |r|2 ≃ 0.96 and 0.91, whereas C0 ≃ 23
and 10 for the heating and probe pulses wavelengths λ1 = 1.24 µm and λ2 = 0.62 µm respectively. When the
lattice temperature Ti exceeds the melting temperature Tmelt, the band structure of the metal is destroyed
and the contribution from the interband transitions to the electron-phonon collision frequency vanishes.22 This
circumstance is taken into account by a phenomenological dependence on Ti/Tmelt in Eq. (15).

The permittivity of substance is determined by the Drude formula for the metallic plasma21 for Te 6 T1 =
0.75TF and by the formula for a weakly coupled non-degenerate plasma11, 12, 16 for Te > T2 = 1.5TF. In the
interval T1 < Te < T2, a linear interpolation between the Drude formula and plasma formula is used with the
above-indicated νpl value. The optical electron mass in the Drude formula is taken as mopt = 1.5me.

22

The thermodynamic characteristics of the condensed phase of the target substance for both the thermal
equilibrium between ions and electrons and non-equilibrium heating (when Te > Ti) are determined by using a
new semiempirical equation of state in a wide region of densities and temperatures. In this equation of state,
the free energy F (ρ, Ti, Te, Z) is represented as the sum of two terms, F = Fi(ρ, Ti) + Fe(ρ, Te, Z), determining
the contributions of heavy particles and electrons respectively.

The first term, Fi = Fc(ρ) + Fa(ρ, Ti), includes the energy of the interaction between heavy particles and
electrons at Ti = Te = 0 (Fc) and the contribution from the thermal motion of heavy particles (Fa). The
dependence of cold energy Fc(ρ) is determined by the procedure described in Ref. 23, which ensures the equality
of the total pressure in the system to atmospheric pressure at normal density (for aluminum, ρ0 = 2.71 g/cm3)
and room temperature, as well as the agreement with the available data of the shock-wave experiments and
Thomas–Fermi calculations with quantum and exchange corrections for the high energy densities. The thermal
contribution of heavy particles to the free energy is given by the expression24

Fa(ρ, Ti) =
3Ti

2mi
ln

(

Θa
2

Ti
2

+
Taσ2/3

Ti

)

, (16)

where σ = ρ/ρ0. To determine the dependence of the characteristic temperature Θa = Θa(ρ), we use the
interpolation formula25

Θa(ρ) = σ2/3 exp

[

(γ0a − 2/3)
Ba

2 + Da
2

Ba
arctan

(

Ba lnσ

Ba
2 + Da(lnσ + Da)

)]

, (17)

where γ0a is the Grüneisen coefficient under normal conditions. The constants Ta, Ba, and Da are determined
from the requirement of the optimal description of the experimental data on the thermal expansion and shock
compressibility of porous samples of the substance.

The free energy of the electron gas in the metal is given by the expression

Fe(ρ, Te, Z) = −3ZTe

2mi
ln

(

1 +
π2Te

6TF

)

. (18)



Equation (18) for low and high temperatures is an equation for an ideal degenerate Fermi gas and an ideal
Boltzmann gas of free electrons respectively.26 Expressions similar to Eq. (18) were previously used in the
equations of state in Refs. 25 and 27. The internal energies of one heavy particle and electron, as well as the
total pressures for heavy particles and electrons, are expressed in terms of F as ei = mi[Fi − Ti(∂Fi/∂Ti)ρ] and
ee = miZ

−1[Fe − Te(∂Fe/∂Te)ρ,Z ], as well as Pi = ρ2(∂Fi/∂ρ)Ti
and Pe = ρ2(∂Fe/∂ρ)Te,Z respectively.

3. SIMULATION RESULTS

Figure 1 shows the results of modeling as well as the experimental data4 on the absolute value (rind) and the
phase (Ψind) of the complex reflection coefficient of aluminum as functions of the maximum intensity I1 of a
heating laser pulse for various time delays (∆t = 130, 530, and 930 fs) of the pump and probe pulses. The
theoretical lines in Fig. 1 are obtained by simulating the heating of the target by the pump laser pulse, and
also by the calculation of the amplitude and phase of the reflected probe pulse at the doubled frequency using
described above theoretical model.

Comparison of the experimental data with the calculations of the absolute value rind and phase Ψind of the
complex reflection coefficient of the probe pulse (see Fig. 1) makes it possible to determine (in the framework of
the present model) the important properties of the strongly coupled solid-density plasma such as the maximum
effective frequency of electron momentum relaxation given by Eq. (13) and the contribution to the effective
electron-electron collision frequency specified by Eq. (14). The best agreement with the experimental data for
the aluminum targets is reached at k1 ≃ 0.3, which is close to the theoretical estimate,17 and at k2 ≃ 0.85
in Eqs. (13) and (14) for the effective collision frequencies. In this case, the uncertainty in the choice of the
coefficients does not exceed 15% including the experimental errors.

For the indicated parameters, the proposed model well reproduces rind and the phase Ψind as functions of the
laser pumping pulse intensity I1 for all time delays ∆t between the pump and probe pulses in the measurements
with I1 & 5 · 1013 W/cm2. For fluxes I1 . 5 · 1013 W/cm2, the model is in agreement with the experimental
data for ∆t < 500 fs, whereas significant discrepancies exist for rind at ∆t > 500 fs. These discrepancies can be
caused by the formation of a two-component mixture consisting of the low-density plasma and condensed-phase
fragments on the target surface.28 A detailed description of this effect is beyond the scope of the model and is
the subject of further investigations.

Figure 2 shows the effective collision frequency and the field strength of the laser probe pulse, as well as
the non-ideality parameter Γei = Ze2/(na

−1/3Te) and the degeneration parameter neλe
3 = (8π/3)(TF/Te)

3/2 as
functions of the target depth for the fixed intensity I1 = 6.7 · 1013 W/cm2 and the time delay ∆t = 530 fs. Note
that the average ion charge for the parameters under consideration does not change in the calculation time and
remains equal to its initial value Z = 3.

As is seen in Fig. 2, the plasma parameters are strongly inhomogeneous in the skin-layer region, where the
reflected-signal field of the laser probe pulse is formed. For this reason, despite short duration of the processes
under consideration, the Fresnel formulas describing the reflection from a homogeneous medium with a stepwise
boundary are inapplicable to the calculation of the reflection coefficient and its phase.

Analysis of the simulation results shown in Fig. 2 indicates that the plasma formed on the target surface
for the experimental parameters under consideration is in a strongly coupled state (Γei & 1) and is strongly
degenerate (neλe

3 & 1) in the entire region except for the plasma corona.

Figure 3 illustrates the formation of a shock wave propagated into the target, which is irradiated by the pump
laser pulse of I1 = 6.7 · 1013 W/cm2 at different time delays. For the times ∆t . 1 ps, both the pressure and
temperature of electrons are higher than those of heavy particles are. The heavy particle velocity at ∆t = 930 fs
in the shock wave is of V ≃ 0.3 km/s. In the direction opposite to the shock-wave propagation, the plasma is
expanded with the particle velocity of V ∼ 10 km/s. Under the rarefaction, a region of negative pressures takes
place, see Fig. 3(b). Such behavior of pressure causes a fragmentation of irradiated target at later stages of the
considering process.28



4. CONCLUSION

Thus we proposed semiempirical models of optical, transport, and thermodynamic properties of Al over a wide
range of temperatures and pressures. Those allowed us to have carried out the two-temperature hydrodynamic
simulation of the processes in the metal under the action of intense femtosecond laser pulses. We emphasize
that the data on the amplitude and the phase of the reflected field of the probe laser pulse from the experiment4

make it possible to acquire important information on the transport properties of the strongly coupled plasma
formed under the action of the pump laser radiation on the target surface in the subpicosecond time intervals.
It is shown that the plasma inhomogeneity decisively affects the reflective properties of the target even in such
short times.
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Figure 1. Experimental points4 and calculated curves for (a) rind and (b) Ψind versus the intensity I1 of the pump pulse
for time delays (squares and dashed lines) ∆t = 130, (triangles and dash-dot lines) 530, and (circles and solid lines)
930 fs.
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Figure 2. Target-depth dependencies calculated for the aluminum plasma characteristics at ∆t = 530 fs and I1 =
6.7 ·1013 W/cm2: (a) normalized (solid line) electric field strength of the probe pulse and (dashed line) effective frequency
of electron collisions, (b) the parameters of (solid line) non-ideality and (dashed line) degeneration.
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Figure 3. Calculated target-depth distribution of the (a) electron and (b) heavy particle pressures in the aluminum plasma
at I1 = 6.7 · 1013 W/cm2 and (dashed lines) ∆t = 130, (dash-dot lines) 530, and (solid lines) 930 fs.
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